Consider the d-dimensional euclidean space E d . Two main results are presented: First, for any N 2 N, the number of types of periodic equivariant tilings (T ; ?) that have precisely N orbits of (2; 4; 6 : : :)-ags with respect to the symmetry group ?, is nite. Second, for any N 2 N, the number of types of convex, periodic equivariant tilings (T ; ?) that have precisely N orbits of tiles with respect to the symmetry group ?, is nite. The former result (and some generalizations) is proved combinatorially, using Delaney symbols, whereas the proof of the latter result is based on both geometric arguments and Delaney symbols.
Introduction
In this note, we want to prove some niteness results concerning the number of types of various sorts of periodic tilings. What is a tiling? As there are many de nitions in use and as proofs -as opposed to (equally important) communications of ideas -depend crucially on clearly delineated concepts (as well as their various speci cations), it is imperative that we spell out the de nitions we want to adopt in this paper:
Throughout this paper, for any d 2 N let I(d) := f0; 1; : : :; dg. Given a (connected) d-dimensional manifold X, a tiling T of X is a regular CWstructure for X, that is, it consists of a nested sequence T ?1 (X ) := ; ( T 0 (X ) ( T 1 (X ) ( : : It follows easily from (T2) that T is locally nite, that is, any closed subset A of X is compact if and only if the number of tiles f 2 T with f \ A 6 = ; is nite. In this case, the number of i-dimensional tiles f i 2 T i (X ) with f i \ X 6 = ; is necessarily nite, too, for all i 2 I(d). It follows also that for any i-dimensional tile f i and any j-cell f j with f j \ f i 6 = ;, one has f j f i (and, hence, j i, too) and, moreover, f j @X , if f j \ @X 6 = ; (where @X denotes the boundary of X). In particular, any intersection of (full-or lower-dimensional) tiles is a union of tiles and the same holds for intersection of any full-or lower-dimensional tile with @X .
A tiling T of X is called face-to-face, if for any two distinct (full-or lowerdimensional) i-resp. i 0 -dimensional tiles f and f 0 the intersections f \ f 0 and f \ @X are either empty or a lower-dimensional tile. It follows that also, vice versa, every lower-dimensional tile in X n @X is the intersection of all (full-dimensional) tiles containing it, while any lower-dimensional tile in @X coincides with the intersection of @X with the tiles containing it.
If X := E d , then a tiling T of X is called convex, if (CT1) every tile f is a convex d-polytope, and (CT2) the (convex) faces of such a tile f coincide with the lower-dimensional tiles contained in f. Equivalently, a tiling T of E d is convex if it satis es condition (CT1) and if, in addition, T i (E d ) coincides with the union of the i-dimensional faces of the polytopes. Using the fact that any convex subset of a convex polytope P which is a union of faces of P is necessarily a face of P itself, it follows easily that any convex tiling of E d is face-to-face. Next, we de ne an equivariant tiling of a d-manifold X to be a pair (T ; ?), consisting of a tiling T of X and a properly discontinuous group ? of homeomorphisms of X such that (ET) T i (X ) = T i (X ) holds for all 2 ? and all i 2 I(d).
Two equivariant tilings (T ; ?) and (T 0 ; ? 0 ) of two d-manifolds X and X 0 , respectively, are said to be of the same type if there exists a homeomorphism : X ! X 0 satisfying the conditions (T i (X )) = T 0 i (X 0 ) (i 2 I(d)) and ? 0 = f ?1 j 2 ?g.
Note that for i 2 I(d) every homeomorphism 2 ? induces a permutation, also denoted by , of T i (X ), and that a group ? of homeomorphisms of X satisfying the condition (ET) for all 2 ? and all i 2 I(d) is properly discontinuous if and only if the only element in ? which induces the identity permutation on T i (X ) for all i 2 I(d) is the identity element. Note also that, if T is face-to-face, then a homeomorphism of X satisfying the condition (ET) for all i 2 I(d) induces the identity permutation on T i (X ) for all i 2 I(d), if and only if it induces the identity on T i0 (X ) for some xed i 0 2 I(d). To be precise, we rst prove that, if the symmetry group ? is translational and if ? partitions the set of tiles T into exactly N di erent ?-orbits, then the number of facets of any tile P 2 T is bounded by 2(
Clearly, this result implies that the number of facets is also bounded, if ? is not purely translational. Combining this fact with a basic result concerning euclidean \Delaney symbols" yields the theorem.
Note that -for d > 2 -none of the above results hold when the tiling is not convex. A construction due to Heesch yields an in nite family of 3-dimensional, periodic and tile-transitive tilings satisfying condition (CT1), though not condition (CT2), as well as another such family where each tile is a union of nitely many convex polytopes with translational symmetry groups 4].
In 5], it was shown that only nitely many di erent types of periodic tilings (T ; ?) of euclidean 3-space exist that are face-N-transitive, i.e. that have precisely N 2 N di erent ?-orbits of 2-dimensional faces. It should be emphasized that this result does not assume convexity of the tiles and, hence, stands in contrast -though, of course, not in contradiction -to the situation observed by Heesch.
In Section 3 of this paper, we generalize this result to d-dimensional tilings, proving Theorem 3.3 (and some generalizations): For any number N, there exist only nitely many di erent types of periodic face-to-face tilings of euclidean d-space, which are (2; 4; 6; : : :; )-N-transitive, that is, with the property that there are precisely N di erent ?-orbits of ags ( f 2 ; f 4 ; f 6 ; : : :) of T , i.e. of sequences ( f 2 ; f 4 ; f 6 ; : : :) of 2-, 4-, 6-,: : :dimensional tiles of T satisfying the condition f 2 f 4 f 6 : : :.
In Section 2, we recall the de nition of a Delaney symbol and the fact that one can associate with any equivariant tiling its Delaney symbol in such a way that two periodic tilings (of two simply connected manifolds) are of the same type, if and only if their associated Delaney symbols are isomorphic.
Moreover, we show that any d-dimensional Delaney set can give rise to only nitely many di erent euclidean Delaney symbols.
Consequently, to prove Theorem 3.3 and Theorem 4.4, we only need to determine a bound for the size of the Delaney set of the involved tilings. For Theorem 3.3, this is done in a purely combinatorial way, by considering the properties of the associated Delaney symbols. In the case of Theorem 4.4, we need to apply additional geometric arguments that make use of the convexity of the tilings involved, to establish the existence of a bound.
Delaney Symbols
In this section, we recall the de nition of d-dimensional Delaney symbols and some important results that we will need in Sections 3 and 4. For a more comprehensive introduction to the theory of Delaney symbols, see e.g. 6, 7, 8] . It is easy to see that equivalent tilings must give rise to isomorphic Delaney symbols. The converse makes use of the fact that we have restricted ourselves to simply-connected manifolds. It is false for non-simply connected manifolds 6]. T j (X ) j F j1 F j2 for any two indices j 1 < j 2 in J :
Proof. This follows immediately from our de nitions and the well-known fact that for any two maximal ags F; F 0 2 F(T ) = F ; (T ) one has F h i j i 2 Ji = F 0 h i j i 2 Ji if and only if F j = F 0 j for all j 2 J.
The following result states that any given Delaney set gives rise to only a nite number of di erent Delaney symbols that correspond to periodic tilings. -that is, an isometry with a xed-point space of codimension 2 -appearing in the group ?. Hence, the well-known crystallographic restriction which states that the only rotational orders that can appear in a crystallographic space group (of any dimension d 2) are 1, 2, 3, 4 and 6, completes the proof.
The First Finiteness Theorem
We begin with some simple observations. In view of Lemma 2.2, the result follows immediately from the following more general result which in turn follows immediately from Lemma 2.1, Lemma 3.1 and Lemma 3.2: Furthermore, by the de nition of a tile-N-transitive tiling , we have T = _ N i=1 ? P i ; where the N distinct tiles P 1 ; P 2 ; : : :; P k are all pairwise non-equivalent with respect to the symmetry group ?. Without loss of generality, let us now prove the claim for all tiles equivalent to P 1 , i.e. for all tiles contained in ? P 1 . Consider P 2 ? P 1 . 1. First, we will determine a bound for the number of tiles that share a facet with P, but are not ?-equivalent to P. We claim that, for each j 2 f2; 3; : : :; Ng, the number of tiles in ? P j that share a facet with P cannot exceed 2 d . For any j 2 f1; 2; : : :; Ng, let G j (P) := f 2 ? j (P j ) and P share a facet g:
Choose some xed number j 2 f2; 3; : : :; Ng. To prove the claim, let us assume that the number jG j (P)j of tiles in ? P j that share a facet with P, is larger than 2 d . In this case, there must exist two symmetries 0 and 00 2 G j (P), which are equivalent to each other modulo 2, that is: 00 ? 0 = 2 , for some 2 ?. Let P 0 = 0 (P j ) := 0 + P j and P 00 = 00 (P j ) := 00 + P j be two tiles that each share a facet with P, say, f 0 and f 00 . Let A 0 be an interior point of the common facet of P and P 0 , and let B 00 be an interior point of the common facet of P and P 00 . Furthermore, de ne A 00 := (2 )(A) = 2 + A; and B 0 := (?2 )(B 00 ) = ?2 + B 00 (see Fig. 1 ). It is clear that A 00 is an interior point of some facet of P 00 and, quite analogously, that B 0 is an interior point of some facet of P 0 . Therefore, convexity implies that the midpoints C 0 := (A 0 + B 0 )=2 and C 00 := (A 00 + B 00 )=2 must lie in interior of the tiles P 0 and P 00 , respectively. Since C 00 = 2 + C 0 and 2 ?, the midpoint O := (C 0 + C 00 )=2 = + C 0 is an interior point of the tile + P 0 = + 0 + P j , which must be di erent from P, because + 0 2 ? P j , j 6 = 1.
On the other hand, the point O is the center of the parallelogramm A 0 A 00 B 00 B 0 , hence, as f 0 6 = f 00 , O = (A 0 +B 00 )=2 must be contained in the interior of P. This, however, contradicts the fact that the tiles P and 0 + + P j do not have interior points in common.
2. Now, we show that the number of tiles in ? P 1 that share a facet with the tile P cannot exceed 2(2 d ? 1) . For all i = 1; 2; : : :; 2 d , de ne G i := f 2 ? i j + P has a facet in common with Pg. Without loss of generality, let us assume that the above partitioning of ? into 2 d cosets is indexed in such a way, that the coset ? 1 is the \even" coset, i.e. that ? 1 := f 2 ? j = 2 0 ; 0 2 ?g: Then, for i 2 f2; 3; :::; g, we have jG i j 2. Indeed, let 1 ; 2 2 G i . Then, by de nition of ? i , there exists a symmetry 2 ? with := ( 1 + 2 )=2. As above, this implies that the tiles P and + P have to have interior points in common and, as a consequence, must coincide. Hence, = 0 and 1 = ? 2 .
In other words, any pair 1 , 2 of distinct translations (or vectors) taken from G i consists of mutually opposite translations, and so the set G i contains at most two elements.
Next, note that G 1 = ;, i.e. no tile in ? 1 P except P itself can intersect with the tile P: Indeed, we now prove that no two distinct tiles in ? 1 P can intersect. Assume 0 2 ? n f0g and set := 2 0 2 ? 1 . As both, P and 0 (P), are two distinct convex polytopes, they do not have interior points in common and, hence, there exists a hyperplane that separates Int(P) and Int( 0 +P). Furthermore, the strip which is contained between the hyperplanes and 0 + completely separates P and + P. This implies, as shown in Section 2, that there exist only a nite number of di erent Delaney sets corresponding to such tilings. These, in turn, give rise to only a nite number of non-isomorphic Delaney symbols, by Lemma 2.3, for euclidean tilings. Finally, Lemma 2.1 ensures that each di erent Delaney symbol gives rise to precisely one equivariant type of tiling.
